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GENERATION OF SEMIGROUPS FOR THE THERMOELASTIC
PLATE EQUATION WITH FREE BOUNDARY CONDITIONS
ROBERT DENK AND YOSHIHIRO SHIBATA
Abstract. We consider the linear thermoelastic plate equations with free
boundary conditions in uniform C4-domains, which includes the half-space,
bounded and exterior domains. We show that the corresponding operator
generates an analytic semigroup in Lp-spaces for all p ∈ (1,∞) and has max-
imal Lq-Lp-regularity on finite time intervals. On bounded C4-domains, we
obtain exponential stability.
1. Introduction
Let Ω ⊂ RN be a domain with boundary Γ. We consider the linear thermoelastic
plate equations
utt +∆
2u+∆θ = f1 in (0,∞)× Ω,
θt −∆θ −∆ut = f2 in (0,∞)× Ω
(1-1)
with initial conditions
u|t=0 = u0 in Ω,
ut|t=0 = u1 in Ω,
θ|t=0 = θ0 in Ω.
(1-2)
System (1-1) serves as a standard simplified model for thin elastic plates with
thermoelastic effects, see [10], Chapter 2, or [1], for a discussion of this and similar
models. In (1-1), u(t, x) stands for the vertical displacement at time t ≥ 0 and at
position x = (x1, . . . , xN ) ∈ Ω, while θ(t, x) denotes the temperature (relative to
some reference temperature) at time t and position x. Note that we omitted all
physical constants for simplicity.
Among the physically relevant boundary conditions, the maybe most complicated
are the so-called free boundary conditions
∆u− (1− β)∆′u+ θ = g1 on (0,∞)× Γ,
∂ν
(
∆u+ (1− β)∆′u+ θ
)
= g2 on (0,∞)× Γ,
∂νθ = g3 on (0,∞)× Γ.
(1-3)
which will be considered in the present paper. In (1-3), ∆ and ∆′ stand for the
Laplace operator in Ω and the Laplace-Beltrami operator on the boundary Γ, re-
spectively, and ∂ν denotes the derivative in outer normal direction. For a survey
on other types of boundary conditions and generation of semigroups for them, we
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refer, e.g., to [11]. The physically relevant situation is the two-dimensional case
N = 2, but we can consider (1-1)–(1-3) in any dimension.
One of the standard approaches to (1-1)-(1-3) is to set v := ∂tu and obtain the
first-order system acting on U := (u, ut, θ)
⊤ and being of the form
Ut −A(D)U = 0 in (0,∞)× Ω (1-4)
with an operator-matrix A(D) of mixed order. This equation is augmented by
boundary conditions of the form
B(D)U = 0 on (0,∞)× Γ. (1-5)
Here A(D) and B(D) are given by
A(D) :=

 0 1 0−∆2 0 −∆
0 ∆ ∆

 , B(D) :=

 ∆− (1 − β)∆′ 0 1∂ν(∆ + (1− β)∆′) 0 0
0 0 ∂ν

 .
The natural space for the Lp-realization of the mixed-order boundary value problem
(A(D), B(D)) is given by E
(0)
p (Ω) and its solution space by E
(2)
p (Ω), where for
j ∈ {0, 1, 2} we set
E
(j)
p (Ω) := H
2+j
p (Ω)×H
j
p(Ω)×H
j
p(Ω).
More precisely, we define Ap,Ω as an unbounded operator in E
(0)
p (Ω) with domain
D(Ap,Ω) := {U ∈ E
(2)
p (Ω) : B(D)U = 0}
acting as Ap,ΩU := A(D)U (U ∈ D(Ap,Ω)). We consider uniform C
4-domains,
see Definition 3.1 below. The main result of the present paper shows that for
all p ∈ (1,∞), the operator Ap,Ω generates an analytic C0-semigroup. This is a
consequence of the stronger result that Ap,Ω has maximal L
q-Lp-regularity (Theo-
rem 3.3). On bounded C4-domains, we obtain exponential stability (Theorem 3.7).
The thermoelastic plate equations has been studied by many authors, mostly
in an L2-setting. Many results deal with exponential stability of the associated
semigroup, e.g., [8], [18], [16], [11], [22]. For the analyticity of the semigroup,
we refer to [17], [14], and [15] in the L2-setting. For the treatment of nonlinear
problems, corresponding results in Lp are of relevance. In the whole-space case,
analyticity of the generated semigroup in Lp was shown in [3]. In the case of
the half-space and of bounded domains, equations (1-1) with Dirichlet (clamped)
boundary conditions
u = ∂νu = θ = 0 on (0,∞)× Γ
were studied in [20] and [19]. In the paper [13], a rather complete analysis in the
Lp-setting can be found for hinged boundary conditions u = ∆u = θ = 0.
System (1-1)–(1-3), i.e. the thermoelastic plate equations with free boundary
conditions in the Lp-setting, has been studied recently by the authors in [5]. It
was shown that the second-order (in time) system (1-1)–(1-3) has maximal Lq-
Lp-regularity. However, this does not imply that the first-order system (1-4)–(1-5)
generates an analytic C0-semigroup. This was also observed in the case of the struc-
turally damped plate equation with clamped boundary conditions in [4]. In fact,
in the situation of [4], we have maximal regularity, but no generation of semigroup
unless additional conditions are included in the basic space. Roughly speaking, this
is due to the fact that the standard resolvent estimates hold only for right-hand
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sides with vanishing first component, and the reformulation of (1-1) as a first-order
system in fact leads to such a right-hand side.
In the present paper, however, we show that the operator related to the first-order
system (2-2) generates an analytic C0-semigroup without additional conditions on
the basic space E
(0)
p (Ω). The proofs are based on Fourier multiplier methods on one
hand and on the results from [5] on the other hand. If the domain Ω is bounded, we
obtain exponential stability apart from the kernel of the operator. In particular, we
obtain generation of an analytic semigroup and exponential stability for the two-
dimensional system which was studied in [12], in this way generalizing the results
in [12] from the L2-case to the Lp-case.
2. The whole space case
In this section, we consider the whole-space case, i.e. system (1-1)–(1-2) with
Ω = RN . Our approach is based on the Fourier transform and results on vector-
valued Fourier multipliers. In particular, the proof of maximal regularity in the
sense of well-posedness in Lq-Lp-Sobolev spaces make use of the concept of R-
boundedness and variants of Michlin’s theorem. As standard references, we mention
[2] and [9].
The Fourier transform F in RN is given by
(Fϕ)(ξ) := (2pi)−N/2
∫
RN
ϕ(x)e−ixξdx (ξ ∈ RN )
for Schwartz functions ϕ and extended by duality to tempered distributions. A
symbol m ∈ L∞(RN ) is called a Fourier multiplier if F−1mF defines a bounded
linear operator in Lp(RN ). One of the key ingredients to showR-sectoriality will be
the vector-valued version of Michlin’s theorem on Fourier multipliers due to Weis
[23] and Girardi and Weis [7].
The following definition is a variant of [5], Definition 3.2.
Definition 2.1. Let Σ ⊂ C be a set, let m : (RN \ {0})×Σ→ C, (ξ, λ) 7→ m(ξ, λ),
be C∞ with respect to ξ. Let s ∈ R. Then m is called a multiplier of order s in Σ
if the estimates
|∂αξ m(ξ, λ)| ≤ Cα(|λ|
1/2 + |ξ|)s|ξ|−|α|
hold for any multi-index α ∈ NN0 and (ξ, λ) ∈ (R
N \ {0})× Σ with some constant
Cα depending only on α and Σ. The set of all multipliers of order s in Σ will be
denoted by Ms(Σ).
It is easily seen that Ms(Σ) is a complex vector space and that for m1 ∈ Ms1(Σ)
and m2 ∈ Ms2(Σ) we have m1m2 ∈ Ms1+s2(Σ) (see [5], Lemma 3.3).
Example 2.2. We mention some examples which will be useful below. Let θ ∈
(0, pi), and let
Σθ := {λ ∈ C \ {0} : | argλ| < θ} (2-1)
be the open sector in the complex plane.
a) Directly from the definition it can be seen that λ ∈ M2(Σθ) (where λ stands
for the constant mapping (ξ, λ) 7→ λ) and |ξ|2k ∈M2k(Σθ) for all k ∈ N.
b) Let s ∈ R \ {0}, and let m(ξ, λ) := (λ+ |ξ|2)s/2. Then m ∈ Ms(Σθ). This can
be seen by homogeneity: As m is quasi-homogeneous of order s in the sense that
m(ρξ, ρ2λ) = ρsm(ξ, λ) (ρ > 0, ξ ∈ RN \ {0}, λ ∈ Σθ),
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the derivative ∂αξ m is quasi-homogeneous of degree s − |α|. By a compactness
argument,
|∂αξ m(ξ, λ)| ≤ cα(|λ|
1/2 + |ξ|)s−|α| ≤ cα(|λ|
1/2 + |ξ|)s|ξ|−|α|
which shows m ∈Ms(Σθ).
c) By a similar homogeneity argument, we see that (ξ, λ) 7→ |ξ|
(1+|ξ|2)1/2
∈ M0(Σθ).
d) Let λ0 > 0. Then (ξ, λ) 7→ 1 ∈ M2(λ0 +Σ0) due to
1 ≤ cλ0 |λ| ≤ cλ0(|λ|
1/2 + |ξ|)2.
Therefore, 1 + |ξ|2 ∈M2(λ0 +Σθ). Note that 1 6∈M2(Σθ).
The following result is one main tool for the results below and was shown in [6],
Theorem 3.3.
Lemma 2.3. In the situation of Definition 2.1, let m ∈ M0(Σ). For λ ∈ Σ,
define the operator m(D,λ) by m(D,λ)f = F−1ξ [m(λ, ξ)Fξf(ξ)]. Then, the family
{m(D,λ) : λ ∈ Σ} ⊂ L(Lp(RN )) is R-bounded and
RL(Lp(RN ))({m(D,λ) : λ ∈ Σ}) ≤ Cp,N max
|α|≤N+1
Cα
with Cp,N depending only on p and N .
The analysis of the operator Ap,RN in the whole space was essentially done in
[20] and [19]. We summarize some results from these papers. Define γ1, γ2, γ3 by
the equality
p(t) := t3 + t2 + 2t+ 1 = (t+ γ1)(t+ γ2)(t+ γ3) (2-2)
with γ1 ∈ R, γ2 = γ3 and Im γ2 > 0. Then γ1 ∈ (0, 1), Re γ2 = Re γ3 ∈ (0,
1
2 ),
and det(λ − A(ξ)) =
∏3
j=1(λ + γj |ξ|
2) (see [20], Lemma 2.3). We define ϑ0 :=
arg(−γ3) ∈ (
pi
2 , pi) (note that −γ3 is the root of the polynomial p with positive
imaginary part).
We consider the whole space resolvent
R(λ) := (λ−A(D))−1 := F−1ξ (λ−A(ξ))
−1
F (2-3)
with
A(ξ) :=

 0 1 0−|ξ|4 0 |ξ|2
0 −|ξ|2 −|ξ|2

 .
For j ∈ {0, 1, 2}, define
Sj(ξ) := (1 + |ξ|
2)j/2 diag((1 + |ξ|2), 1, 1),
where diag(. . .) stands for the diagonal matrix with the corresponding elements on
the diagonal. For the next result, we use the fact that the induced operator Sj(D)
defines an isometric isomorphism
Sj(D) ∈ LIsom(E
(j)
p , L
p(RN ;C3)) (j ∈ {0, 1, 2}). (2-4)
Lemma 2.4. For every ϑ < ϑ0, λ0 > 0 and j ∈ {0, 1, 2} we have
R
L(E
(0)
p (RN ),E
(2−j)
p (RN ))
({
λj/2R(λ) : λ ∈ λ0 +Σϑ
})
<∞.
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Proof. Let j ∈ {0, 1, 2}. In view of (2-4) and Lemma 2.2, we have to show that
every entry of the matrix
M (j)(ξ, λ) =
(
m
(j)
kl (ξ, λ)
)
k,l=1,2,3
:= λj/2S2−j(ξ)(λ −A(ξ))
−1S0(ξ)
−1
belongs to M0(λ0 + Σϑ). It was shown in [20], Section 2, that for all λ ∈ λ0 + Σϑ
we have
(λ−A(ξ))−1 =
1
det(λ −A(ξ))

λ(λ + |ξ|2) + |ξ|4 λ+ |ξ|2 |ξ|2−(λ+ |ξ|2)|ξ|4 λ(λ+ |ξ|2) λ|ξ|2
|ξ|6 −λ|ξ|2 λ2 + |ξ|4

 .
Moreover, det(λ − A(ξ)) =
∏3
i=1(
λ
γi
+ |ξ|2) ([20], Lemma 2.3). As in Example 2.2
b), we see that
(ξ, λ) 7→ ( λγi + |ξ|
2)−1 ∈M−2(Σϑ)
and therefore (det(λ−A(ξ)))−1 ∈ M−6(Σϑ). For the left upper corner of M
(j), we
have
m
(j)
11 (ξ, λ) = (det(λ −A(ξ)))
−1λj/2(1 + |ξ|2)(2−j)/2(λ2 + λ|ξ|2 + |ξ|4).
With Example 2.2 we see that
λj/2 ∈Mj(Σϑ),
(1 + |ξ|2)(2−j)/2 ∈M2−j(λ0 +Σϑ),
λ2 + λ|ξ|2 + |ξ|4 ∈M4(Σϑ),
which yields m
(j)
11 ∈ M0(λ0 +Σϑ). Similarly,
m
(j)
21 (ξ, λ) = −(det(λ−A(ξ)))
−1λj/2(1 + |ξ|2)(2−j)/2(λ+ |ξ|2) |ξ|
2
1+|ξ|2 .
Using
λj/2 ∈Mj(Σϑ),
(1 + |ξ|2)(2−j)/2 ∈M2−j(λ0 +Σϑ),
(λ+ |ξ|2) ∈M2(Σϑ),
|ξ|2
1+|ξ|2 ∈M0(Σϑ),
we obtainm21 ∈ M0(λ0+Σϑ). All other entries of the matrixM
(j) can be estimated
similarly. Therefore, M (j) ∈M0(λ0 +Σϑ) which finishes the proof. 
Corollary 2.5. a) For all λ ∈ Σϑ0 , the operator λ−Ap,RN : Ep → Fp is invertible.
b) The operator Ap,RN is not sectorial for any angle and therefore does not gen-
erate a bounded C0-semigroup on Fp.
c) For any λ0 > 0, the operator Ap,RN−λ0 is R-sectorial with R-angle ϑ0. There-
fore, Ap,RN − λ0 has maximal L
q-Lp-regularity in (0,∞), and Ap,RN has maximal
Lq-Lp-regularity in (0, T ) with T < ∞. In particular, Ap,RN generates an analytic
C0-semigroup.
Proof. a) Let λ ∈ Σϑ0 and choose ϑ < ϑ0 and λ0 > 0 such that λ ∈ λ0 + Σϑ. By
Lemma 2.4 with j = 0, we have R(λ) ∈ L(E
(0)
p ,E
(2)
p ). Obviously, R(λ) is the inverse
of λ−Ap,RN , and therefore λ is in the resolvent set of Ap,RN .
b) Assume that ‖λ(λ −Ap,RN )
−1‖L(Fp) ≤ C (λ ∈ (0,∞)) holds. Then the oper-
ator M0(D,λ) ∈ L(L
p(RN ;C3)) is uniformly (with respect to λ) bounded, where
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M0(ξ, λ) := λS1(ξ)(λ−A(ξ))
−1S1(ξ)
−1. In particular, every entry ofM0(ξ, λ) is an
L∞-function (see Prop. 3.17 in [2]). For the last entry in the first row of M0(ξ, λ),
we obtain ∣∣∣∣∣ λ(1 + |ξ|
2)|ξ|2∏3
j=1(λ+ γj |ξ|
2)
∣∣∣∣∣ ≤ C <∞ (λ ∈ (0,∞), ξ ∈ RN ).
However, setting λ = k−2 and |ξ| = k−1, we see that the left-hand side is unbounded
for k →∞.
c) The R-sectoriality follows from Lemma 2.4 with j = 2, and the other state-
ments are consequences of the general theory on R-sectorial operators. 
3. The case of a uniform C4-domain
Definition 3.1. A domain Ω is called a uniform C4-domain if there exist positive
constants α, β and K such that for any x0 ∈ Γ there exist a coordinate number j
and a C4-function h(x′) defined on B′α(x
′
0) such that ‖h‖H4∞(B′α(x′0)) ≤ K and
Ω ∩Bβ(x0) = {x ∈ R
N | xj > h(x
′) (x′ ∈ B′α(x
′
0))} ∩Bβ(x0),
Γ ∩Bβ(x0) = {x ∈ R
N | xj = h(x
′) (x′ ∈ B′α(x
′
0))} ∩Bβ(x0).
Here, x′ has been defined by x′ = (x1, . . . , xj−1, xj+1, . . . , xN ) for x = (x1, . . . , xN ),
B′α(x
′
0) = {x
′ ∈ RN−1 | |x′ − x′0| < α}, Bβ(x0) = {x ∈ R
N | |x− x0| < β}.
Let Ω ⊂ RN be a uniform C4-domain with boundary Γ, and let p ∈ (1,∞).
To show that the operator Ap : E
(0)
p (Ω) ⊃ D(Ap) → E
(0)
p (Ω) generates an analytic
C0-semigroup, we first consider the boundary value problem
(λ −A(D))U = 0 in Ω,
B(D)U = G on Γ.
(3-1)
Here, G = (g1, g2, g3)
⊤ is defined in the whole of Ω. Similarly to [5], (1.8), we define
the spaces
Gp(Ω) := H
2
p (Ω)×H
1
p (Ω)×H
1
p (Ω),
Xp(Ω) := Gp(Ω)×
(
H1p (Ω)× L
p(Ω)× Lp(Ω)
)
× Lp(Ω).
The λ-dependent map H(λ) : Gp(Ω)→ Xp(Ω) is defined by
H(λ)((g1, g2, g3)
⊤) :=
(
(g1, g2, g3), λ
1/2(g1, g2, g3), λg1
)⊤
.
The following result on the existence of R-bounded solution operators was shown
in [5], Theorem 1.4.
Theorem 3.2. There exist a number ϑ1 ∈ (
pi
2 , pi), a positive number λ0 and an
operator family
L(λ) =
(
L1(λ), λL1(λ), L2(λ)
)⊤
∈ L(Xp(Ω),E
(2)
p (Ω))
such that for every λ ∈ λ0 + Σϑ1 and every G ∈ Gp(Ω), problem (3-1) admits a
unique solution U ∈ E
(2)
p (Ω) given by U = L(λ)H(λ)G. Moreover,
RL(Xp(Ω),H4−jp (Ω))
({
λj/2L1(λ) : λ ∈ λ0 +Σϑ1
})
≤ C (j = 0, . . . , 4),
RL(Xp(Ω),H2−jp (Ω))
({
λj/2L2(λ) : λ ∈ λ0 +Σϑ1
})
≤ C (j = 0, 1, 2).
THERMOELASTIC PLATE EQUATION WITH FREE BOUNDARY CONDITIONS 7
Let RΩ : f 7→ f |Ω denote the restriction of a function defined on R
N to Ω.
Obviously, we have rΩ ∈ L(H
i
p(R
N ), Hip(Ω)) with norm 1 for any i ∈ N0. In fact,
rΩ is a retraction as a corresponding co-retraction (extension operator) exists for
uniform C4-domains. In the following, we fix an extension operator eΩ : L
1
loc(Ω)→
L1loc(R
N ) with the property that for any p ∈ (1,∞) and f ∈ Hip(Ω), we have
eΩf ∈ H
i
p(R
N ), rΩeΩf = f , and ‖eΩ‖L(Hip(Ω),Hip(RN )) ≤ Cp for i = 0, . . . , 4. For the
existence of such an extension operator, we refer to [21], Appendix A.
The following theorem is the main result of the present paper.
Theorem 3.3. There exist λ0 > 0 and ϑ >
pi
2 such that the operator Ap,Ω − λ0
is R-sectorial with R-angle ϑ. Therefore, Ap,Ω has maximal L
q-Lp-regularity in
every finite time interval. In particular, Ap,Ω generates an analytic C0-semigroup
in E
(0)
p (Ω).
Proof. We first obtain a description of the resolvent (λ − Ap,Ω)
−1. For this, let
F ∈ E
(0)
p (Ω) be given. We apply the extension operator eΩ from above to every
component of F and obtain eΩF ∈ E
(0)
p (RN ). We set U1 := rΩR(λ)eΩF for λ ∈ Σϑ0
with R(λ) being the whole space resolvent defined in (2-3).
To solve
(λ−A(D))U = F in Ω,
B(D)U = 0 on Γ,
(3-2)
we set U = U1 + U2 and obtain the boundary value problem
(λ−A(D))U2 = 0 in Ω,
B(D)U2 = −B(D)U1 on Γ
for U2. Due to Theorem 3.2, there exist λ0 and ϑ1 such this equation is uniquely
solvable for λ ∈ λ0 + Σϑ1 , and its solution is given by
U2 = −L(λ)H(λ)B(D)U1.
Therefore, for ϑ ∈ (pi2 ,min{ϑ0, ϑ1}) and λ ∈ λ0 +Σϑ, the boundary value problem
(3-2) is uniquely solvable with solution
U = U1 + U2 = rΩR(λ)eΩF − L(λ)H(λ)B(D)rΩR(λ)eΩF.
Consequently, we have to show the R-boundedness of the operator family
λ(λ−Ap,Ω)
−1 = rΩλR(λ)eΩ − λL(λ)H(λ)B(D)rΩR(λ)eΩ (λ ∈ λ0 +Σϑ). (3-3)
By Corollary 2.5 c), λR(λ) is R-bounded. As eΩ and rΩ are continuous and λ-
independent, we obtain
R
L(E
(0)
p (Ω))
({
λrΩR(λ)eΩ : λ ∈ λ0 +Σϑ
})
<∞. (3-4)
Similarly, by Theorem 3.2 with j = 2 and j = 4 we see
R
L(Xp(Ω),E
(0)
p (Ω))
({
λL(λ) : λ ∈ λ0 +Σϑ
})
<∞. (3-5)
It remains to show that the family H(λ)B(D)rΩR(Λ)eΩ is R-bounded. By the
definition of the matrix B(D) and the spaces, we see that the operators
B(D) : E(2)p (Ω)→ Gp(Ω),
B(D) : E(1)p (Ω)→ H
1
p (Ω)× L
p(Ω)× Lp(Ω),
B1(D) : E
(0)
p (Ω)→ L
p(Ω)
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are continuous, whereB1(D) stands for the first row ofB(D), i.e. B1(D)(u, v, θ)
⊤ =
(∆− (1− β)∆′)u+ θ. Thus,
B(D)B(D)
B1(D)

 : E(2)p (Ω)× E(1)p (Ω)× E(0)p (Ω)→ Xp(Ω) (3-6)
is continuous (and independent of λ). By Corollary 2.5 c), the family


 R(λ)λ1/2R(λ)
λR(λ)

 : λ ∈ λ0 +Σϑ

 ⊂ L(E(0)p (Ω),E(2)p (Ω)× E(1)p (Ω)× E(0)p (Ω))
is R-bounded. In combination with
H(λ)B(D)rΩR(λ)eΩF =

 B(D)rΩR(λ)eΩFB(D)rΩλ1/2R(λ)eΩF
B1(D)rΩλR(λ)eΩF


and (3-6), this yields
R
L(E
(0)
p (Ω),Xp(Ω))
{
H(λ)B(D)rΩR(λ)eΩ : λ ∈ λ0 +Σϑ
}
<∞. (3-7)
From (3-4), (3-5), and (3-7), the first statement of the theorem follows by the
description of the resolvent in (3-3). As before, the other statements follow by the
general theory of R-boundedness. 
The results of Theorem 3.3 are preserved under lower-order perturbations of the
operators A(D) and B(D). More precisely, we consider perturbation matrices of
the form
A′(D) =

 0 0 0a21(x,D) 0 a23(x,D)
0 a32(x,D) a33(x,D)

 ,
B′(D) =

b11(x,D) 0 0b21(x,D) 0 0
0 0 b33(x,D)

 .
Here aij(x,D) and bij(x,D) are linear differential operators. With respect to the
orders of the operators, we assume ordaij(x,D) ≤ sij and ord bij(x,D) ≤ tij
with s21 = 3, s23 = s32 = s33 = 1 and t11 = 1, t21 = 2, t33 = 0. The coeffi-
cients of aij(x,D) are assumed to belong to H
sij−1
∞ (Ω), while the coefficients of
b11(x,D), b21(x,D), and b33(x,D) are assumed to belong to H
2
∞(Ω), H
1
∞(Ω), and
H1∞(Ω), respectively.
Lemma 3.4. Let (A′(D), B′(D)) be a lower-order perturbation as described above.
Define the perturbed operator A˜p,Ω : E
(0)
p ⊃ D(A˜p,Ω)→ E
(0)
p (Ω) by
D(A˜p,Ω) := {U ∈ E
(2)
p (Ω) : B˜(D)U = 0}, A˜p,ΩU := A˜(D)U,
where A˜(D) := A(D) +A′(D) and B˜(D) := B(D) +B′(D).
Then there exist λ0 > 0 and ϑ >
pi
2 such that the operator A˜p,Ω−λ0 is R-sectorial
with R-angle ϑ. In particular, A˜p,Ω has maximal L
q-Lp-regularity in every finite
time interval and generates an analytic C0-semigroup in E
(0)
p (Ω).
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Proof. (i) First, we consider boundary perturbations, i.e. A′(D) = 0. As in the
proof of Theorem 3.3, we have to find a solution U˜2 of the boundary value problem
(λ−A(D))U˜2 = 0 in Ω,
B˜(D)U˜2 = G on Γ,
(3-8)
where G := −B˜(D)rΩR(λ)eΩF . We set U := L(λ)H(λ)G. Then U solves
(λ −A(D))U = 0 in Ω,
B˜(D)U = G−B′(D)U = (1 −B′(D)L(λ)H(λ))G =: G˜ on Γ.
Let λ0 and ϑ be as in the proof of Theorem 3.2. We show that the operator family{
λ1/2H(λ)B′(D)L(λ) : λ ∈ λ0 +Σϑ
}
⊂ L(Xp(Ω))
is R-bounded. In fact, due to the assumptions on B′(D), we have
b11(x,D) ∈ L(H
4−j
p (Ω), H
3−j
p (Ω)) (j = 1, 2, 3),
b21(x,D) ∈ L(H
4−j
p (Ω), H
2−j
p (Ω)) (j = 1, 2),
b33(x,D) ∈ L(H
2−j
p (Ω), H
2−j
p (Ω)) (j = 1, 2).
By Theorem 3.2, the families{
λj/2L1(λ) : λ ∈ λ0 +Σϑ
}
⊂ L(Xp(Ω), H
4−j
p (Ω)) (j = 0, . . . , 4),{
λj/2L2(λ) : λ ∈ λ0 +Σϑ
}
⊂ L(Xp(Ω), H
2−j
p (Ω)) (j = 0, 1, 2)
are R-bounded. By composition, we see that the family
λ1/2H(λ)B′(D)L(λ) =

 λ1/2B′(D)L(λ)λB′(D)L(λ)
λ3/2b11(x,D)L1(λ)

 : λ ∈ λ0 +Σϑ

 ⊂ L(Xp(Ω))
is R-bounded. Choosing λ1 > λ0 sufficiently large, we obtain
RL(Xp(Ω))
({
H(λ)B′(D)L(λ) : λ ∈ λ1 +Σϑ
})
≤
1
2
. (3-9)
Therefore, 1 − H(λ)B′(D)L(λ) ∈ L(Xp(Ω)) is invertible for all λ ∈ λ1 + Σϑ. A
simple algebraic calculation shows that this implies that also 1−B′(D)L(λ)H(λ) ∈
L(Gp(Ω)) is invertible, and that we have
H(λ)(1 −B′(D)L(λ)H(λ))−1 = (1 −H(λ)B′(D)L(λ))−1H(λ). (3-10)
Setting U˜2 := L(λ)H(λ)(1 − B
′(D)L(λ)H(λ))−1G, we obtain (λ − A(D))U˜2 = 0
and
B˜(D)U˜2 = (1−B
′(D)L(λ)H(λ))(1 −B′(D)L(λ)H(λ))−1G = G,
i.e., U˜2 is a solution of (3-8). As in the proof of Theorem 3.3, the solution U˜ of the
resolvent equation is now given by U˜ = U1 + U˜2 with U1 := rΩR(λ)eΩ as in the
proof of Theorem 3.3. Therefore, the resolvent of A˜p,Ω is given by
(λ− A˜p,Ω)
−1 = rΩR(λ)eΩ − L(λ)H(λ)(1 −B
′(D)L(λ)H(λ))−1B˜(D)rΩR(λ)eΩ
= rΩR(λ)eΩ − L(λ)(1 −H(λ)B
′(D)L(λ))−1H(λ)B˜(D)rΩR(λ)eΩ,
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where we used (3-10) for the last equality. We have already seen in the proof
of Theorem 3.3 that the operator families λL(λ) and H(λ)B˜(D)rΩR(λ)eΩ are R-
bounded. Using (3-9) and a Neumann series argument, we see that
RL(Xp)
({
(1−H(λ)B′(D)L(λ))−1 : λ ∈ λ1 +Σϑ
})
≤ 2.
Now the statements of the lemma follow in the same way as in the proof of Theo-
rem 3.3.
(ii) In the case A′(D) 6= 0, we consider (A˜(D), B˜(D)) as a perturbation of
(A(D), B˜(D)). Let A˜B˜ and AB˜ denote the corresponding operators, respectively.
Note that we have D(A˜B˜) = D(AB˜). By the interpolation inequality, for every
ε > 0 there exists Cε > 0 such that
‖A˜B˜u‖E(0)p (Ω)
≤ ε‖AB˜u‖E(0)p (Ω)
+ Cε‖u‖
E
(0)
p (Ω)
(u ∈ D(AB˜)).
Due to part (i) of the proof, AB˜ is R-sectorial, and by an abstract perturbation
result on R-sectorial operators ([9], Corollary 6.7), the same holds for A˜B˜ . 
Remark 3.5. Whereas the lower-order perturbation of the operator A(D) could
be handled by an abstract perturbation result on R-boundedness, to our knowledge
there is no such theorem on boundary perturbation which could be applied to our
situation. Therefore, the proof of Lemma 3.4 directly uses the structure of the
solution operators.
The results above were formulated in a general setting in RN with N ≥ 2. In
the physically relevant case N = 2, the modelling can be found in [10], Chapter 2.
Apart from physical constants, the equation in a uniform C4-domain Ω ⊂ R2 is
given by
utt +∆
2u+∆θ = 0 in (0,∞)× Ω,
θt −∆θ −∆ut = 0 in (0,∞)× Ω
(3-11)
with boundary conditions
∆u+ (1− µ)B1u+ θ = 0 on (0,∞)× Γ,
∂ν∆u + (1− µ)B2u+ ∂νθ = 0 on (0,∞)× Γ,
∂νθ = 0 on (0,∞)× Γ.
(3-12)
Here, the operators B1 and B2 are given by
B1u := 2ν1ν2uxy − ν
2
1uyy − ν
2
2uxx,
B2u := ∂τ
[
(ν21 − ν
2
2 )uxy + ν1ν2(uyy − uxx)
]
,
where ν =
(
ν1
ν2
)
denotes the outer normal vector and τ :=
(
−ν2
ν1
)
. In [12], the
following variant of boundary conditions was considered:
∆u + (1− µ)B1u+ θ = 0 on (0,∞)× Γ,
∂ν∆u+ (1− µ)B2u− u+ ∂νθ = 0 on (0,∞)× Γ,
∂νθ + bθ = 0 on (0,∞)× Γ
(3-13)
with b > 0.
Corollary 3.6. Let N = 2, and let Ω ⊂ RN be a uniform C4-domain. Then
the statements of Theorem 3.3 hold for the operators related to the boundary value
problems (3-11), (3-12) and (3-11), (3-13).
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Proof. A straight-forward calculation shows that B1u = −∆
′u and B2u = ∂ν∆
′u
holds up to lower-order terms. Therefore, we can apply Lemma 3.4 to both bound-
ary value problems. 
Finally, we study exponential stability in the case of a bounded domain.
Theorem 3.7. Let Ω ⊂ RN , N ≥ 2, be a bounded C4-domain, and let (T (t))t≥0 ⊂
L(E
(0)
p (Ω)) be the C0-semigroup generated by Ap,Ω, see Theorem 3.3. Let Pp,Ω ∈
L(E
(0)
p (Ω)) denote the spectral projection corresponding to the eigenvalue 0 of Ap,Ω,
and let (T0(t))t≥0 ⊂ L(kerPp,Ω) be the part of T (t) in kerPp,Ω, i.e., T0(t) :=
T (t)|kerPp,Ω .
Then (T0(t))t≥0 is exponentially stable, i.e., there exist C > 0 and ε > 0 such
that ‖T (t)‖L(kerPp,Ω) ≤ Ce
−εt (t ≥ 0). The same holds for the perturbed problem
A˜p,Ω as in Lemma 3.4.
Proof. As Ω is bounded, the operator Ap,Ω has compact resolvent and discrete
spectrum. Moreover, the spectrum is independent of p ∈ (1,∞). It was shown in
[12] that A2,Ω is dissipative which implies σ(A2,Ω) ⊂ {λ ∈ C : Reλ ≤ 0}. Moreover,
0 is the only eigenvalue on the imaginary axis. Now the statements of the theorem
follow from general semigroup theory. 
Corollary 3.8. Let N = 2, and let Ω ⊂ R2 be a bounded C4-domain. Then the
analytic semigroup related to the boundary value problem (3-11), (3-12) is expo-
nentially stable in the space kerPp,Ω, and the analytic semigroup related to (3-11),
(3-13) is exponentially stable in the whole space E
(0)
p (Ω).
Proof. This is a particular case of Theorem 3.7 where we note that in the case of
(3-11), (3-13) there is no eigenvalue on the imaginary axis due to [12]. 
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